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On minimality of the boundary of a Coxeter system
(Tetsuya Hosaka)
, Coxeter . ,
– CAT(0)
, , Coxeter .
\S 1 CAT(O)
CAT(0) . CAT(O) $X$
$\partial X$ [4] . CAT(0) $X$
(proper, cocompact, isometry ) $\Gamma$ CAT(O)
. CAT(0) , .
Question 1. Suppose that a group $\Gamma$ acts geometrically on a CAT(0) space $X$ .
Is it the case that the set $\{\gamma^{\infty}|\gamma\in\Gamma, o(\gamma)=\infty\}$ is dense in the boundary $\partial X$?
, \mbox{\boldmath $\gamma$}\infty , $\partial X$ , $\{\gamma^{i}x_{0}\}_{i}$ ($x_{0}\in X$
).
CAT(0) $\Gamma$ CAT(0) $X$ , $\partial X$ .
$\partial X$ (minimal) ,
. , hyperbolic
, , . ,
? .
Question 1 CAT(0) , .
Proposition 2 ([17]). Suppose that a group $\Gamma$ acts geometrically on a CAT(0)
space X. If the boundary $\partial X$ is minimal, then the set $\{\gamma^{\infty}|\gamma\in\Gamma, o(\gamma)=\infty\}$ is
dense in $\partial X$ .
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, , CAT(O) splitting theorem ([19], [16])
.
Theorem 3 ([17]). Suppose that a group $\Gamma$ acts geometrically on a CAT(0) space
X. If $\Gamma$ contains a subgroup $\Gamma_{1}\cross\Gamma_{2}$ of finite index such that $\Gamma_{1}$ and $\Gamma_{2}$ are
infinite, then the boundary $\partial X$ is not minimal.
.
Question 4. Suppose that a group $\Gamma$ acts geometrically on a CAT(0) space $X$ .
Is it the case that if $\Gamma$ does not contain a subgroup $\Gamma_{1}\cross\Gamma_{2}$ of finite index such
that $\Gamma_{1}$ and $\Gamma_{2}$ are infinite, then the boundary $\partial X$ is minimal?
, , , ,
no . ,
.
Theorem 5 ([17]). Question 4 contains Question 1.
, Question 4 yes CAT(0) ,
Question 1 yes .
\S 2 COXETER
Coxeter .
, Coxeter Coxeter . Coxeter ,
$W$ :
$\langle$ $S|(st)^{m(\iota,t)}=1$ for $s,$ $t\in S\rangle$ ,
, $S$ , $m:S\cross Sarrow \mathrm{N}\cup\{\infty\}$ :
(i) $m(s,t)=m(t, s)$ for any $s,t\in S$ ,
(ii) $m(s, s)=1$ for any $s\in S$ , and
(iii) $m(s, t)\geq 2$ for any $s,$ $t\in S$ such that $s\neq t$ .
, $(W, S)$ Coxeter .
Coxeter $(W, S)$ , Cayley graph Davis com-
plex CAT(0) $\Sigma(W, S)$ $([6],[7],[20])$ . Davis complex
$\Sigma(W, S)$ $\partial\Sigma(W, S)$ $(W, S)$ . Coxeter $W$ $\Sigma(W, S)$
6
, . , Coxeter $W$
CAT(0) .
, , Coxeter $(W, S)$
.
Theorem 6 $([13],[15],[17])$ . Let $(W, S)$ be a Coxeter system. Suppose that $W^{\{s\mathrm{o}\}}$
is quasi-dense in $W$ with respect to the word metric and $o(s_{0}i_{0})=\infty$ for some
$s_{0},$ $t_{0}\in S$ , where $o(s_{0}t_{0})$ is the order of $s_{0}t_{0}$ in W. Then for any $a\in\partial\Sigma(W, S)$ ,
the orbit $W\alpha$ is dense in $\partial\Sigma(W, S)$ , that is, $\partial\Sigma(W, S)$ is minimal.
, $W^{\{s\mathrm{o}\}}$ $W$ , $W$ $S$ word
word So , “$W^{\{s_{0}\}}$ is quasi-dense in
$W$ with respect to the word metric” , $W$ Word
, $W^{\{s_{0}\}}$ $N>0$ $W$
. , $w\in W$ , $v\in W^{\{s_{0}\}}$ $d_{\ell}(w, v)\leq N$
. , $d_{\ell}(w, v)$ word .
, [13] ,
, , [15] [17] , ,
( ) .
, ,
, Coxeter . , ,
, Coxeter , . ,
, ght-angled Coxeter ,
. , Question 4 Coxeter ,
$W_{1}\cross W_{2}$ $W$ ,
? , right-angled Coxeter ,
y\’e . , .
Theorem 7 ([17]). Let $(W, S)$ be a right-angled Coxeter system such that $W$ is
infinite. Then the follout$ng$ statements are equivalent.
(1) $\partial\Sigma(W, S)$ is minimal.
(2) $W_{\overline{S}}$ is irreducible.
(3) $W^{\{s_{0}\}}$ is quasi-dense in $W$ and $o(s_{0}t_{0})=\infty fo\mathrm{r}$ some $s_{0},t_{0}\in S$ .
7
, $W_{\overline{S}}$ $W$ parabolic ([10]),
, $W$
.
Theorem 5 , .
Corollary 8 ([17]). For a right-angled Coxeter system $(W, S)$ , the set $\{w^{\infty}|w\in$
$W,$ $o(w)=\infty\}$ is dense in the boundary $\partial\Sigma(W, S)$ .
, right-angled Coxeter ,
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